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A LINEARIZED DIFFERENCE SCHEME FOR A CLASS OF FRACTIONAL
PARTIAL DIFFERENTIAL EQUATIONS WITH DELAY
1
A lass of non linear frational partial dierential equations with initial and Dirihlet boundary onditions is under
onsideration. We seek to obtain numerial solutions for this onsidered lass of equations based on nite dierene
method. The onvergene order will be 2− α in time and four in spae. A numerial example is given to support the
theoretial results.
Keywords: frational partial dierential equation, linear dierene sheme, delay, disrete energy method, onvergene
analysis.
Introdution
A great signiane is devoted to study delay dierential equations. They are widely used in
many elds of siene suh as eonomis, physis, eology, mediine, transportation sheduling, en-
gineering ontrol, omputer aided design, nulear engineering. They play a very important role in
desribing a variety of phenomena in the natural and soial sienes. Also Frational order dier-
ential equations, as generalizations of lassial integer order dierential equations, are inreasingly
used to model problems in uid ow, nane and other areas of appliation. In [4, 5℄, numerial
approximations for some dierent lasses of frational dierential equations were disussed. There
are many ontributions in literature whih deals with obtaining numerial solutions of spaetime
frational partial dierential equations suh as [6℄. This paper presents a pratial linear dierene
sheme for solving spaetime frational partial dierential equation with time delay. This linear
dierene sheme is applied previously for for a lass of nonlinear delay partial dierential equa-
tions [1, 7℄. In this approah, we extend this idea to time and spae frational partial dierential






= f(x, t, u(x, t), u(x, t − s)), a < x < b, t ∈ [0, T ], (0.1)
u(a, t) = ua(t), u(b, t) = ub(t), t ∈ [0, T ], (0.2)
u(x, t) = ρ(x, t), x ∈ [a, b], t ∈ [−s, 0), (0.3)
where 0 < α < 1, 1 < β 6 2, d > 0 is the diusion oeient and s > 0 is the delay parameter.
Throughout this work, we suppose that the funtion f(x, t, µ, ν) and the solution u(x, t) are su-
iently smooth and assume that f(x, t, µ, ν) has the rst order ontinuous derivative with respet
to the rst and seond omponents in the ǫ0 neighborhood of the solution suh that ǫ0 is a positive
onstant. Let c0 = max
a<x<b
0<t<T
| u(x, t) |, c1 = max
a<x<b, 0<t<T
|ǫ1|6ǫ0,|ǫ2|6ǫ0




| fν(u(x, t) + ǫ1, u(x, t− s) + ǫ2, x, t) |.
 1. Derivation of the linearized dierene sheme
Take two positive integers M and n, and let h = b−aM , τ =
s
n suh that xi = a+ ih, tk = kτ and
tk+ 1
2
= (k+ 12 )τ =
1
2 (tk + tk+1). Cover the domain by Ωhτ = Ωh×Ωτ , where Ωh = {xi|0 6 i 6 M},
Ωτ = {tk| − n 6 k 6 N}, N = [Tτ ]. Let W = {ν|ν = νki , 0 6 i 6 M,−n 6 k 6 N} be a grid
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Kartary and his group [3℄ obtained the following approximation for the time Caputo frational













(ωk−m+1 − ωk−m)um − ωku0 + σ (u
k+1















, 0 < α < 1. (1.2)
Also, Sun and his group [2℄ presented the following averaging operator
Aνx = c
β
2ν(x− h) + (1− 2cβ2 )ν(x) + cβ2ν(x+ h), 1 < β 6 2. (1.3)
It is easy to verify that











































k−2, k > 2,
λ1 =






















They proved some properties onerned with the averaging operator A
〈Au, ν〉 = 〈u,Aν〉, |ν‖2A = 〈Aν, ν〉,
‖ν‖2
3
6 ‖ν‖2A 6 ‖ν‖2, 〈δβxν, ν〉 6 0.
R e m a r k 1. RiemannLiouville and Caputo operators have the following property
RD
α






Γ(k + 1− α)u
(k)(x, 0), m− 1 < α 6 m, m = 1, 2, 3, . . . . (1.6)






































= f(xi, tk+ 1
2
, u(xi, tk+ 1
2
), u(xi, tk+ 1
2
− s)), (1.8)
0 6 i 6 M, 0 6 k 6 N − 1.
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Γ(1− α) − ωk
)
u0i + σ

































0 6 i 6 M, 0 6 k 6 N − 1.












Γ(1− α) − ωk
)
u0i + σ













































Γ(1− α) − ωk
)
u0i + σ






































Γ(1− α) − ωk
)
U0i + σ



























1 6 i 6 M − 1, 0 6 k 6 N − 1,
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and
| Rki |6 c3
(
τ2−α + τ2 + h4
)
.
Noting that the initial and boundary onditions after partition will be:
Uk0 = ua(tk), U
k
M = ub(tk), 1 6 k 6 N, (1.18)
Uki = ρ(xi, tk), 0 6 i 6 M, −n 6 k 6 0. (1.19)




i , the onstruted linear dierene sheme












Γ(1− α) − ωk
)
u0i + σ



























1 6 i 6 M − 1, 0 6 k 6 N − 1,
uk0 = ua(tk), u
k
M = ub(tk), 1 6 k 6 N, (1.21)
uki = ρ(xi, tk), 0 6 i 6 M, −n 6 k 6 0. (1.22)
R e m a r k 4. When β = 2, (1.20) oinides with the the linear dierene sheme for the time frational






= f(x, t, u(x, t), u(x, t− s)), a < x < b, t ∈ [0, T ], (1.23)
u(a, t) = ua(t), u(b, t) = ub(t), t ∈ [0, T ], (1.24)
u(x, t) = ρ(x, t), x ∈ [a, b], t ∈ [−s, 0), (1.25)
where 0 < α < 1, d is the diusion oeient and s > 0 is the delay parameter.












Γ(1− α) − ωk
)
u0i + σ


























The averaging operator A will have the following form
Aν(x) = (1 + c22h










ν(x− h) + 10ν(x) + ν(x+ h)
)
.
R e m a r k 5. If we replae the averaging operator A by the unit operator I, then we obtain the following











Γ(1− α) − ωk
)
u0i + σ



























1 6 i 6 M − 1, 0 6 k 6 N − 1,
uk0 = ua(tk), u
k
M = ub(tk), 1 6 k 6 N, (1.28)
uki = ρ(xi, tk), 0 6 i 6 M, −n 6 k 6 0. (1.29)
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 2. Convergene and stability of the proposed sheme
Denote eki = U
k
i −uki , 0 6 i 6 M, −n 6 k 6 N and subtrat (1.20)(1.22) from (1.17)(1.19),












Γ(1− α) − ωk
)
e0i + σ













































1 6 i 6 M − 1, 0 6 k 6 N − 1,
ek0 = 0, e
k
M = 0, 1 6 k 6 N, (2.2)
eki = 0, 0 6 i 6 M, −n 6 k 6 0. (2.3)
If the spatial domain [a, b] is overed by Ωh = {xi | 0 6 i 6 M, } and let
Vh = {ν | ν = (ν0, . . . , νM ), ν0 = νM = 0}
be a grid funtion spae on Ωh.
For any u, ν ∈ Vh, dene the disrete inner produts and orresponding norms as
〈u, ν〉 = h
M−1∑
i=1











〈u, u〉, | u |1=
√
〈δxu, δxu〉, ‖ u ‖∞= max
06i6M
| u | .





| u |1, ‖ u ‖6 b− a√
6
| u |1 . (2.4)













Γ(1− α) − ωk
)
u0i + σ













‖ uk+1i ‖2A − ‖ uki ‖2A
)
.
L e m m a 2.2 ( [7℄). Suppose that {F k | k > 0} be a non negative onsequene and satises
F k+1 6 A+ Bτ
∑k
l=1 F
L, k = 0, 1, . . . , then F k+1 6 A exp(Bkτ), k = 0, 1, . . . , suh that A, B
are non negative onstants.
For the dierene sheme (1.20)(1.22) and by using the previous lemmas, we an dedue the
following onvergene result.
T h e o r e m 2.1. Let u(x, t), x ∈ [a, b], −s 6 t 6 T be the solution of (0.1)(0.3) and {uki |
0 6 i 6 M, −n 6 k 6 N} be the solution of the onsidered dierene sheme (1.20)(1.22), denote
eki = U
k































, 0 6 k 6 N. (2.5)
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To disuss the stability of the dierene sheme (1.20)(1.22), we use the disrete energy method













Γ(1− α) − ωk
)
ν0i + σ


























1 6 i 6 M − 1, 0 6 k 6 N − 1,
νk0 = ua(tk), ν
k
M = ub(tk), 1 6 k 6 N, (2.7)
νki = ρ(xi, tk) + φ
k
i , 0 6 i 6 M, −n 6 k 6 0, (2.8)
where φki is the perturbation of ρ(xi, tk).
T h e o r e m 2.2. Let ηki = ν
k
i − uki , 0 6 i 6 M, −n 6 k 6 N. Then there exist onstants
c7, c8, h0, τ0 suh that
‖ ηk ‖∞6 c7τ
0∑
k=−n












| φki |6 c8.
 3. Test example










(t3 − 2t− 1), u(2, t) = 0, t ∈ (0, 1], (3.2)
u(x, t) = (
1
32
x6 − x)(t3 − 2t− 1), x ∈ (1, 2), t ∈ [−0.1, 0), (3.3)
where 0 < α < 1, 1 < β 6 2,
f(x, t, u(x, t), u(x, t − 0.1)) = u(x, t− 0.1)2 − 2ξ1 + ξ2 − ( 1
32



















The exat solution is
u(x, t) = (
1
32
x6 − x)(t3 − 2t− 1).
Let uki | 0 6 i 6 M , 0 6 k 6 N is the solution of the onstruted dierene sheme (1.20)(1.22),
dene the maximum norm error
E∞(h, τ) = max
06i6M
06k6N
| u(xi, tk)− uki |.
In the following table, we present the maximum errors for dierent numerial solutions obtained
with dierent step sizes when (α = 0.1, β = 1.9).
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6400 8.215 × 10−9 ∗
 4. Conlusion
This work is related to a lass of frational partial dierential equations with non linear delay.
A linearized dierene sheme was onstruted to solve this sort of equations. Un onditional
onvergene and stability for the numerial dierene sheme were proved. A numerial example
supported our theoretial results. Our dierene sheme an be easily applied for two dimensional
delay problems with frational orders.
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